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Fig. 1 Step response of the time-varying commutative system ( ÅG = ÅK =
[1:2699 0]).

Fig. 2 Step response of the time-varying commutative system ( ÅG = ÅK =
[3:7699 0]).

Figures1 and 2 show that the time responseof the systemdepends
on the value of g1 and k1, respectively.

V. Conclusion
This Note is devoted to the design of the time-varying controller

and estimator of the linear periodic time-varying system. New sta-
bility conditions have been developed based on Singh and Joseph’s
algorithm. The effectivenessof the result was demonstrated by nu-
merical example where the controller and estimator design for the
commutative time-varying system has been successfully achieved
and the stability of the whole closed-loopsystem with differentval-
ues of gain matrices considered.
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Introduction

S EVERAL investigatorshave studied the free-� ying space robot
consistingof a satellite vehicle and manipulators.1¡4 All of the

studies have discussed only the case when the manipulators do not
handle any objects, or the payloads are known without uncertainty.
Robust stability of those controllers has not been studied against
the kinematicaland dynamicalvariation.The performancebecomes
worse when the manipulatorshandlepayloadswith uncertaininertia
parameters.5 Murotsu et al. have proposed two parameter identi� -
cation methods,5 where a two-stage procedure is necessary, i.e., a
controllermust use the estimatedparametersafter the identi� cation.
Slotine and Li6 proposed an adaptive control for the unknown pay-
load manipulation on the ground, but it cannot be applied directly
to space robots. Yamamoto et al.7 and Iwata et al.8 proposed adap-
tive controllers for space robots. The former is applicableunder the
translationalandangularmomentumconservationwhereasthe latter
does not discuss the stability. Based on Slotine’s method, this Note
proposes a dynamics-based adaptive controller for the space robot
with a position/attitude control system when the robot manipulates
a payload.

Equations of Motion
In general, the equations of motion of a space robot can be de-

rived as

M Pu C h D n (1)

where u D .vT
0 !T

0
PµT /T and n D . f T

0 ¿ T
0 ¿ T

µ /T . M is an inertiamatrix,
and h denotes the centrifugal and Coriolis forces. The variables v0

and !0 are the translationaland the angularvelocitiesof the satellite,
respectively, and µ is the vector of joint positions of the manipula-
tors. The generalizedforces f0 and¿ 0 representthe translationaland
the rotational forces applied to the satellite, respectively.¿ µ denotes
the joint forces. Formally the same equation as Eq. (1) is obtained
by the Newton–Euler method and the Lagrangian method, though
this study formulates the equations for numerical simulations by
Kane’s method in the same manner as Yamada et al.9 If the satellite
attitude variable PÁ0 satis� es !0 D PÁ0 , Eq. (1) can be rearranged as
follows where Pq D u:

M Rq C h D n (2)

The unknown parameters¯ to be estimated are the inertia param-
eters of the combinedbody of the handand the payloadmanipulated
by the robot. The left side of Eq. (2) can be linearized with respect
to ¯ as

M Rq C C Pq D P.q; Pq; Pq; Rq/¯ C Q (3)

where P.q; Pq; Pq; Rq/ called the regressor is a matrix function of q; Pq,
and Rq. The � rst Pq in P is the vectorof independentvariablesin C, and
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the second one is premultiplied by C. Q is a matrix function of the
known parameters and the observable state variables. Substituting
Ō into Eq. (3) produces a similar equation, and subtracting Eq. (3)
from the obtained equation yields

QM Rq C QC Pq D P.q; Pq; Pq; Rq/ Q̄ (4)

where QM D OM ¡ M; QC D OC ¡ C; Q̄ D Ō ¡ ¯, and OM and OC represent
M and C computed by substituting Ō .

Adaptive Control
Baseline Adaptive Control

A controller and a Lyapunov function are taken as

n D OM Rqr C OC Pqr ¡ KD
PQq (5)

V D 1
2
. PQqT M PQq C Q̄ T C Q̄/ (6)

where PQq 1D Pq ¡ Pqr for a reference input qr correspondingto q. Time
derivative of V yields

PV D PQqT M RQq C 1
2

PQqT PM PQq C Q̄ T C PQ̄

D PQqT n C 1
2 . PM ¡ 2C/ PQq ¡ C Pqr ¡ M Rqr C Q̄ T C PQ̄

D PQqT [n ¡ M Rqr ¡ C Pqr ] C Q̄ T C PQ̄ (7)

D ¡ PQqT KD
PQq C Q̄ T C PQ̄ C PT .q; Pq; Pqr ; Rqr / PQq (8)

The skew symmetry of PM ¡ 2C is used in the rearrangement of
Eq. (7). Equations (4) and (5) are used for obtaining Eq. (8). Hence
an adaptation law

PŌ D ¡ C ¡1PT .q; Pq; Pqr ; Rqr / PQq (9)

leads to

PV D ¡ PQqT KD
PQq · 0 (10)

because PQ̄ D PŌ is true. This inequalityshows that PQq ! 0 as t ! 1.
One obtains PQq D Pqe C K q qe ! 0 as t ! 1 if the reference input is
Pqr D Pqd ¡ K qqe where qd , qe D q ¡ qd and K q are the desired joint
variables, the joint variable errors, and the positivede� nite gain ma-
trix, respectively.Becausethe steady-statesolutionof Pqe C K qqe D 0
is qe ´ 0; qe ! 0 and Pqe ! 0 as t ! 1. This result is true even
though the convergenceof Ō is not guaranteed.

Althoughthe previouscontrolleris for the joint variablecontrol,a
manipulationvariable control is derivednext in the case where both
the hand and the satellite vehicle are controlled. The manipulation
variables Ã are related to the variables q by Jacobian matrix J

PÃ D J Pq (11)

where PÃ D .vT
0 !T

0 PxT /T and Px is the velocity vector of the hand
positionand orientation.The Pqr and Rqr are givenby using the desired
manipulation variables Ãd and the positive de� nite gain matrix K :

Pqr D J¡1. PÃd ¡ K Ãe/; Rqr D J¡1. RÃd ¡ K PÃe ¡ PJ Pq/ (12)

The following relation is then obtained from Eq. (10):

PV D ¡. PÃe C K Ãe/
T J¡T KDJ¡1. PÃe C K Ãe/ · 0 (13)

where Ãe
1D Ã ¡ Ãd are the manipulation variable errors. The ma-

nipulationvariable errors converge to zeroes because PÃe C K Ãe !
0 as t ! 1 for the nonsingularJ and PÃe C K Ãe D 0 has the steady-
state solution Ãe ´ 0. Therefore, Ãe ! 0, and PÃe ! 0 as t ! 1.

Consequently, the adaptive control can be achieved by Pqr and Rqr

of Eqs. (12), the control law of Eq. (5), and the adaptation law of
Eq. (9).

Modi� cation of Adaptive Control
The adaptive control can be modi� ed for situations where the

robot does not control the satellite position and/or the attitude. The
needed modi� cations are as follows: 1) the current values of Ã are

used as the desired values of the uncontrolled variables in Ã, and
2) the control inputs corresponding to the uncontrolled variables
are set to zero. For example, r0d ´ r0; v0d ´ v0; Pv0d ´ Pv0 are used
for the desired values of the satellite position, the velocity, and the
translational acceleration, respectively, when the satellite position
is not controlled. The control input f0 correspondingto the satellite
position is set at zero. In Eqs. (12) K is selected as a block-diagonal
matrix,whichdoesnot enableinteractionbetweentheerror feedback
of the controlledvariablesand the desiredvalues of the uncontrolled
variables, as follows:

K D
K v 0 0

0
K !x0

(14)

The preceding relations and Eq. (12) yield PQq D .0T ; Q!T
0 ;

PQµT /T . In
the � rst term in Eq. (7), the part multiplied by zeroes in PQqT cannot
in� uence the subsequent discussion. Thus Eqs. (10) and (13) are
true for any f0 corresponding to the uncontrolled variables in n of
Eq. (5). Hence the desired control can be realized by letting f0 ´ 0
when the satellite position is not controlled.

In the same manner a stable control can be realized when the
satellite attitude is not controlled.

Numerical Simulations
The plant is supposedto be a hardware robot composedof a space

vehicle and a three-linkmanipulator,which is a planar experimental
system on the ground simulating a space robot.10 The space vehicle
has a controlmomentum gyro (CMG) and thrusters for the position/
attitude control system. A mathematical model of the robot is used
for the plant because the hardware system is under construction.
The parameters of the robot model are listed in Table 1 where m i ,
`i , ai , and Ii indicate the mass of link i , the length of the link, the
distance of the mass center from the revolution axis of the joint i ,
and the mass moment of inertia around its mass center, respectively.
The links and joints are numbered from the base to the tip of the
manipulator.Link 0 is the spacevehicleand link 3 is the manipulator
hand. In this case the following inertia parameters of link 3 and the
payload are unknown:

¯ D .¯1; ¯2; ¯3; ¯4/
T D .m3; m3a3x ; m3a3y ; I3/T (15)

where a3x and a3y are x and y coordinatesof the mass center in the
link 3 frame. In the following simulations the inertia parameters of
link 3 without payload are used as the initial values of the estimated
parameters Ō .

The following simulationsare for the most general case when the
positionsandorientationsof both themanipulatorhandand the satel-
lite are controlled. At the initial time the space robot is stationary
and moves for 3 s as shown in Fig. 1a.The seventh-orderpolynomial
curves of time are used to interpolate the path of manipulationvari-
ables.The conditionsof the experimentalsystem, e.g., quantization,
time delay, and so on, are contained in the numerical simulations.

A numerical simulation is carried out for resolved acceleration
control (RAC) to compare with the adaptive control. The control
law is

n D MJ¡1f RÃd ¡ GD
PÃe ¡ GP Ãe ¡ PJ Pqg C h (16)

whereGP andGD are theproportionalandderivativefeedbackgains,
respectively.The controlinput is computedbyYamada’s algorithm.4

Figure 1 shows a) the robot motion, b) the error norm of the hand
position, and c) the estimations of the unknown parameters, respec-
tively. Figure 1c represents the ratios ( Ō=¯) of the estimated values

Table 1 Speci� cation of space robot model

Mass Length Mass center Inertia
Link i m i , kg `i , m ai , m Ii , kg/m2

Link 0 46.94 0.459 0.000 1.413
Link 1 2.75 0.300 0.206 0.031
Link 2 1.62 0.260 0.138 0.017
Link 3 without payload 1.34 0.060 0.019 0.005
Link 3 with payload 3.29 0.245 0.019 0.042
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a) Robot motion

b) Hand position error

c) Parameter estimation

Fig. 1 Control result of adaptive control (KD = diag[6.0 6.0 6.0 6.0
6.0 6.0], = diag[160 160 20 160 160 20], = diag[0.001 0.1 1.0
1.0]).

a) Robot motion b) Hand position error

Fig. 2 Control result of RAC (GP = diag[160 160 120 160 160
120], GD = diag[3:0 3:0 2:0 3:0 3:0 2:0]).

to the real values. Figure 2 is for the RAC. The � gures show that
the adaptive controller achieves better performance than the RAC.
Hence, the adaptive controller is more effective than the RAC when
the space robot manipulates an unknown payload. The estimated
parameters tend to converge to the real values during the motion for
3 s as illustrated in Fig. 1c, whereas the convergenceof the estima-
tion is not guaranteed. The parameters converge to the real values
when the robot repeats the same motion although the results are not
shown here. No more simulation results are illustrated whereas the
same results are obtained in some other cases where the position
and/or the orientation of the satellite vehicle is not controlled.

Conclusion
The adaptivecontrollerhasbeenproposedfor spacerobotsmanip-

ulating payloads.The controllerhas been able to controlall manipu-
lationvariablesof the positionand the orientationof the satelliteand
thoseof the hand. The small modi� cation has allowed the controller
to select any parts of the manipulation variables. The asymptotic
stability of the closed-loop system was studied by Lyapunov’s sec-
ond method. The effectivenessof the controller has been examined
by numerical simulations.
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Introduction

I T is well known that the main dif� cultyof the indirectmethod for
trajectory optimization is the requirement for an educated guess

of the initial adjoint variables. A number of papers have been pro-
posedto dealwith theguess.Perhaps theadjoint-controltransforma-
tion method presentedby Dixon1 is the most ef� cient and attractive.
This Note also investigates the adjoint-variableguess problem us-
ing the control variables. The approximate initial adjoint variables
are obtained by solving equations in the neighborhoodof the initial
time in which the adjoint variables can be expressedby a � rst-order
Taylor series expansion.Two numerical examples are presented for
optimization of very low thrust trajectories.

Optimal Control Problems
Consider the state equationsthat are not explicit functionsof time

Px D f [x.t/; u.t/] (1)
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